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Abstract 



Consider in L^(]R^) the operator family H{e) := Po{H,uj) + eFq. Pq is the quantum 
harmonic oscillator with diophantine frequency vector lo, Fq a bounded pseudodiffer- 
' ential operator with symbol decreasing to zero at infinity in phase space, and e S C. 

. Then there exist e* > independent of h and an open set C \ such that if 

|e| < e* and w G 11 the quantum normal form near Pq converges uniformly with re- 
spect to h. This yields an exact quantization formula for the eigenvalues, and for h = 
' the classical Cherry theorem on convergence of Birkhoff 's normal form for complex 

. frequencies is recovered. 

00 , 

^ ! 

1 Introduction and statement of the results 



(N 



Consider in the phase space R with canonical coordinates denoted (x, ^) the Hamiltonian 



system defined by the principal function 



1 ' 

Po{x,(;uj) := -{\(\^ + \lox\^) = J2oJkIk{x,0, (1-2) 



fc=i 



O 
l> 

o 

^! Pe{x,C;uj) := Po{x,C) + efo{x,^) (1.1) 

g: 4(x,0 := .^[fk+^H], k = l,...,L (1.3) 

> 

; Here /o : R^' ^ R is analytic; /o = 0([|^|2 + |u;x|2]*/2), s > 3, as + |^| 0, and e E R. 

' Any analytic Hamiltonian near a non-degenerate elliptic equilibrium point can be written 

in the form (jl.ip . Let the frequencies oo := {uji, . . . ,iJi) fulfill a diophantine condition, i.e 

{uj,k) >-f\k\-^, VA;EZ'\{0}, :=|A;i| + ... + |A;,|, , 7>0, r>Z-l. (1.4) 

Under these circumstances the Birkhoff theorem holds, namely (see e.g.[SM], §30): 
y N £ N, Wp G N, Ve G R one can construct an analytic, canonical bijection {y^r]) = 
Xe,N{x,^) : R'^' R^' and a sequence of analytic functions Yp{I;Lo) : R'^ R such that: 

I N-l 

Pe°x7,Niy'V) = ^^kh{y,v) + Yp{I{y,r]);uj)eP + e^RN{y,r];(^)- (1-5) 

k=l p=l 
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The / functions / := (Ikiu, : ^ = • • • > 0> the mechanical actions, are thus first integrals 
of the transformed Hamiltonian up to an error of order e^. Hence the system is integrable 
if the remainder in (1.4) vanishes as ^ oo, namely if the Birkhoff normal form 

oo I 

B{I-u:,e):={LoJ)+Y,Yp{I;u:V, (u,!) := Y^cokh (1-6) 

p=l k=l 

converges when the actions belong to some ball |/| < -R of m'^. However, as proved by 
C.L.SiegelfSi] in 1941, (|1.6p is generically divergent (a particular convergence criterion 
has been later isolated by Riissmann fRuj : see also |Gaj . It states that ()1.6p converges if 
Yp{I,uj) = Yp{{uj,I))). Already in 1928, on the other hand, T.M.Cherry[Chj (see also [SM] . 
§30; a more recent proof can be found in [Ot]) remarked that, when I = 2, the normal form 
is convergent provided the frequencies uj are complex with non vanishing imaginary part. 
Under this assumption the small denominator mechanism which generates the divergence 
becomes instead a large denominator one entailing the convergence. 

We prove here that under the same assumptions on the frequencies, but much more 
restrictive conditions on the perturbation, the Cherry theorem holds in quantum mechanics 
as well, with estimates uniform with respect to the Planck constant h. Namely, the 
quantum Birhoff normal form (see [Sj|) converges uniformly with respect to h, and this 
yields an exact quantization formula for the quantum spectrum. 

Consider indeed in L^(E^) the operator H{e) = Po{h,Lo) + eFq under the assumptions: 
(Al) Po{h,uj) is the harmonic-oscillator Schrodinger operator with frequencies uj: 

Po{h,uj)ij = -^h^A4j + ^[Lolxl+ujlxl]i;, D{Po)=H\R^)nLl{R^). (1.7) 

(A2) Let LJi = a + ib, (jj2 = c + id, a 0, c ^ 0, (wi, ^2) := + bd. Then w G T C C^, 
where: 

[ \i^li^2\ v/(« )(C^ ) J 

To state the assumption on the perturbation Fq, define an analytic action : x x 
r2 ^ c^xC^, (x,0 ^ (x',^') = ^'</,,<^(x,0 ofT^ intoC^xC^ through the flow of po(-, t^) 
of real initial data u := (x, ^) E x but complex frequencies to £ T: 

4:=^sin,^, + x,cos0,, ^^^^^ (1.9) 

Cfc := cos (pk - ^^kXk sin (pk, 
Let f{z) G C(C2 X C^;C). Then / o <I'^_^(x, = / o^0,^(u), denoted /^,a.(ti), is acp-l-rr- 
periodic function V(u,a;) G x x F fixed. We further denote: f{u) := fij,^uj\(f>=o and 
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1- fv,ijj{u) the Fourier coefficients of f^^uiiu) : 
2. 

:= 7^ / /.,..(n)e-^<^'"> . (1.10) 
their space Fourier transform. Here g{s) is the Fourier transform of g: 

g{s) = ^ f 5Me-*<^'"> dn, g{u) G ^^(K^ x M^). 

3. .^^ := {/ G L1(m2 X M?) \ ||/||^ < +oo}, (T > 0. Here: 

ll/IU:=/ |/(s)|e'^l^lds<+oo (1.11) 

4. ^r,p,<7 := {/ G -i^n^R^ X IK^) n C(C2 X C^) I ||/||r,p,<x < +oo}, p > 0, a > 0. Here: 

||/||r,p,. :=sup5] eP\-\\\U,^\W, (1.12) 
'^^ri.ez2 

We can now state our assumption on the perturbation. 

(A3) Fq is a semiclassical pseudodifferential operator of order < with (Weyl) symbol 
/o G •^v,p,a for some p > 0, cr > 0. Exphcitly: (notation as in [Ro]) Fq = Op)^(/o), 

(Fo^)(x) = -^ // e*«--J')'«)/Vo((x + y)/2,0^(y)«, G 5(r2). (1.13) 
Remarks 

1. Since ( [Roj . §11.4) ||F||^2^^2 < H/H^i, Fq extends to a continuous operator in L^(M^) 
because: 

l|i"o||L2^L2 < ||/o||li < ll/olU < ||/o||r,p,.. (1.14) 

2. Any / G At,p,(t admits a holomorphic continuation from u = (x, ^) G x to the 
strip {z = (2:1,2:2) G X I |Im2| < o"}. Obviously this holomorphic continuation 
can be different from the function / o 22) : x ^ M, as in the example 
/ = e~I^I^P(2) : X ^ C, P any polynomial, discussed in Appendix. 

Since Fq is bounded, H[e) defined on D[Pq) is closed with pure-point spectrum Ve G C, 
and is self-adjoint for e G M if w G M^. Moreover, Pq can be considered a semiclassical 
pseudodifferential operator of order 2 with symbol pq[x,S,;uj). 
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Theorem 1.1 Let (A1-A3) he verified and let h* > 0. Then there exists e* > indepen- 
dent of h €z [0,h*] such that if |e| < e* the spectrum of H{e) is given by the quantization 
formula 

En{h,e) = {uj,n)h+^{uJi+uJ2)fi + J\f{nh,h;e). (1.15) 

oo 

M{nh,h;e) = ^ Mp{nh,h)€P (1.16) 
p=i 

Here n = (^1,71-2), = 0, 1, . . and: 

1. Mp{I, h) : X [0, /i*] ^ C is analytic in I and continuous in h; 

2. The series has convergence radius e* uniformy with respect to {I, h) G ilx [0, h*]. 
Here is any compact o/M^; 

3. J\fp{I,h) : p = 1,2, .. . admits an asymptotic expansion to all orders in h; the order 
term is the coefficient Yp{I) of the Birkhoff normal form. 

Remarks 

1. The conditions of the Cherry theorem are much less restrictive than the present 
ones. In particular, the standard Schrodinger operator in which /q depends only on 
X is excluded. On the other hand, in the classical case ?i = we obtain an improved 
version of the theorem: indeed, in our conditions the Birkhoff normal form converges, 
for e small enough, in any compact of M^. To our knowledge this result is new. 

2. Taking ^ = in Afp{I,h) (fTTS]) becomes E^^{h,e) := {uj,n)h + ^{uJi + ^2)^ + 

00 

Yp{nh)e^, namely the Bohr-Sommerfeld quantization of the Birkhoff normal form. 
Formula (jl.lSp yields all corrections needed to recover the eigenvalues En{h,e). 

3. For any fixed n and h the series (jl.lSp coincides with the Rayleigh-Schrodinger 
perturbation expansion near the simple eigenvalue (w, n)h+ -^{^i + ^2)^ of Pq \GF\ . 

4. The eigenvalues En{h,e) admit the interpretation of quantum resonances of a self- 
adjoint Schrodinger operator. For this matter the reader is referred to [MSj . where 
under much more general conditions on /o the eigenvalues are obtained by an exact 
quantization of the KAM iteration scheme. 

We thank Dario Bambusi for a critical reading of the manuscript and Andre Martinez for 
providing us a first proof of Lemma 2.3. 



4 



2 Proof of the results 

The proof is to be obtained in four steps. 

1. Perturbation theory: the formal construction 

Look for a unitary transformation U{uj,e,h) = e*^^'^/'* : ^ L^, W{e) = VF*(e), e E K. 
such that: 

S{e) ■.= UH{e)U~^ =Po{h,uj)+ eZi + e'^Z2 + ... + €'' Rk{e) (2.1) 
where [Zp, Pq] = 0, p = 1, . . . ,k — 1. Recah the formal commutator expansion: 



oo 



^itwi.)/njj^-itw(e)/H^Y^^ijj^^ H^,= H, Hr.= l>l (2.2) 

Looking for W{e) under the form of a power series, W{e) = eWi + e^Wj + (12. 2p 
becomes: 

k 

S = Y, ^'Ps + e^+^R^^+^^ (2.3) 

s=0 



where 



P^=^^I2M + Fs, 5>1, Fi^Fo (2.4) 
in 



^ vi V [Wn,m„...,m^,Po]...] 

r=2 '■ n + -+3r^s V*"-j 
ii>i 

+ ^ [Wj,,[W,,,...AWj^,F^].. 



r=2 ■ j\ + ---+3r^a~\ 



Since depends on Wi, . . . , W^-i, (|2.1|) yields the recursive homological equations: 

I^%^ + F, = Z„ [Po,^s] = (2.5) 

To solve for 5, Wg, Zg, we can equivalently look for their symbols; from now on, we denote 
by the same letter, but in small case, the symbol (t{A) of an operator A, except for the 
symbol of S, denoted S. Let us now recall the following relevant results (see e.g. |Foj.^3.4): 

1. a{\A^B]/ih) = {a,6}M5 where {a, 6} a/ is the Moyal bracket of a and h. 

2. Given (5,9') G ^a;,o-, their Moyal bracket {g.,g'}M is defined as 

{g,9']M = g#9' -§'#9, 
where ^ is the composition of g, g' considered as Weyl symbols. 



3. In the Fourier transform representation, used throughout the paper, the Moyal 
bracket has the expression 

({5,5'}Mr(s) = | / g{s')g'{s-s')sm\h{s-s')As'/2\ds\ (2.6) 

where, given two vectors s = {v,w) and = {v^,w^), s A := {w,vi) — {v,wi). 

4. {g,g'}M = {g,g'} if either g or g' is quadratic in (x,^). 

The equations (|2.2|2.3l2.4p then become, once written for the symbols: 

^^e^Wi.ynn^-^Wieyn^ = f;^,. Ho ■.= Po + efo, Hi := ^^'^j"^^^ , / > 1 (2.7) 

1=0 ' 

k 

S(e) = ^ e'^p, + e'^+V^^+i) (2.8) 

s=0 



where 



Ps := {ws,Pq]m + fs, s = 1, /i = fo (2.9) 

« 1 

•= Z!^ {'w^ii,{w^j2,----{w^jV,Po}Af •••}m (2.10) 

.-1 



+ Z~ Z {w^jul^^j^^ • • • >{'«^>7/o}a/ • • -Im, s>1 

r=2 ' jl+-.-+jr=s-l 
ii>l 



In turn, the recursive homological equations become: 

{ws,Po}m + fs = Cs, {Po, Cs}m = (2.11) 

2. Solution of the homological equation and estimates of the solution 

f £ •^u;,p,a- clearly entails the existence of the Fourier expansion of ftfy^uiiu), and its uniform 
convergence with respect to G T^, u on compacts of x R^, and a; € F, namely: 

We further denote, for a; G F, and p > 0: 

a := E X,a:={/(n)G.F<,|||/(tx)t,, <+oo} (2.13) 

:= E ^'''''II^^IU; X,p,<x:={/(^)eX,a|||/(u)L,p,. <+cx)}(2.14) 

r,. := supll/L,,; ^r,. := {/(tx) G .F, | ||/(u)||r,. < +00} (2.15) 

a;Gr 

r,p,a ■= sup||/||^^,p,^; (2.16) 



Hence Ar,p,a = {fiu) e \ ||/('u)||r,p,CT < +00} and clearly ^r,p,cr C Av^a C T^. More- 
over the following inequalities obviously hold: 

sup < ||/.,.(s)||Li<||/.,.|U<||/||r,a<||/||r,p,<x (2.17) 

< ll/IU < 11/11. <ll/l|r,.<||/||r,p,. (2.18) 

Now the key remark is that {a,po}A/ = {a,po} foi' any symbol a because po is quadratic 
in (2;,^). The homological equation p. lip becomes therefore 

{w^.,Po} + /. = Cs, {po,CJ = (2.19) 

We then have: 



Proposition 2.1 Let f £ Ar,p,a- Then the equation 

{w,Po} + f = C, {Po,C} = (2.20) 
admits the solutions C £ Ar,a, w G Ar,p,a 

C:=h.; ^■■=T.4^v (2.21) 

with the property C, o ^'^ = (; i.e., C, depends only on h, h- Moreover: 

\\C\\r,a < Wfky, \\w\\r,p,a < \\f\\r,p,a, ||Vw;||r,p,. < — ||/||r,p,<x (2.22) 

a 

for some C{T,6) > 0. 

To prove the Proposition we need a preliminary result. 

Lemma 2.1 Let w be defined by \2.21\) . and ^^^i^{x,£,) by il.9\) . Set: 

^<p,M, 6 := ^*0,ia;(x, 0, (2.23) 

that is: E^^uj{x,0 •= i^'k^^k)' where: 

x', = x,cosh<^, + ^sinh0, ^^^^2 (2.24) 
^'k = Ck cosh 0fc + LOkXk sinh 0^ 
Then one has, uniformly with respect to (x,^) on compacts ofW^: 

wo^^,Ux,0 = Y.l^^^f^e^i'^'fl c/>eT2 (2.25) 

woE^,Ux,0 = ^feMle-^^'-^), |</.| <p-r?, VO<77<P (2.26) 
Moreover there is C{6) > such that: 

|kL,p,(T < C'||/||^^,p,cr; ||w||ia.,,p,a < C\\f\\iuj,p,a {2.27) 



Proof 

Let us first prove that ()2.2ip . whose convergence is proved below, solves ()2.20p . and that 
i(;o^(^^(x, ^) admits the representation ()2.25p . Following the argument of ( |BGPj ). Lemma 
3.6, let us write: 



{po,pw}{x,(,) 



d_ 

di 



d_ 

di 



E 



f, 



di 



t=o 



E 



i{uj, v) 



dt 



i=0 , 



— ^ — = 2^ fuAu) 



Clearly, this equality also entails C = /o,w Consider now the expansions (j2.25l I2.26p . 
First, it is easy to check that lij S P if and only if w E F. Now we have: 



i{u), v) 



and therefore, by a straightforward application of Lemma 



h<C\\f, 



Hence: 



\w 



I - V eP^^hw I 



Vcj G F. 



Therefore q G •Av.p^a entails w o '^^^^ G -4r,p,o-) whence the uniform convergence of the 
series (j2.25p . Now icj G F if u; G F; hence w o ^i^^^^ G ^r,p,(7- On the other hand, the 
replacement (/> — > maps into 'r.^^^^ix,^)^ and the series (|2.26p is uniformly 

convergent if |Imi?i>| < p — r], < i] < p. Formula (|2.26p is therefore proved. This concludes 
the proof of the Lemma. 

Proof of Proposition 2.1 

Let us first prove that C depends only on Ii,l2- Consider for the sake of simplicity 
u = (x,^) G M^. Since / G Ar,p,a, we can write: 



U,uj{x,0= E 



an 



m.n=0 



{x + — )e^<^ + {x- — )e~^<^ 



{-iujx + C)e*'^ + {iujx + i)e 



-i<f> 



The average over eliminates all terms but those proportional to 

[{x + — )(x - ^)]^[{-iu;x + Oii^x + Of 



UjJ 



i.e. to I^lK The estimate 



< 



, (T is obvious, and entails HClIro- < ll/llro-. The 



second estimate in (I2.22p has been proved in Lemma 2.1 above. To prove the third one. 
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consider the function / o and compute, for j = 1, 2: 



dw (,j dw 

OXj LOj oS,j 



dw dx'j dw d^'j 



dxj d<f)j 



0=0 



E 



fu,uj 
2 ^(^'^) 



Therefore, once more by Lemma l2. 5 
dw S,j dw 



< E 



< 



^ 1(^,^)1 

opW\\ 



c\\f\\ 



This yields: 



In the same way: 



dw dw 



dxj ujj d^j^'^^'^ 



<C||/llr,p,.. 



r,p,o- 



^woE^,Uz)U=o 

dw E,j dw 
+ —^jXj 



dw dx'j ^ dw dC'j 



dxj d(t)j d(,j d(j)j 



<t>=o 



dxj ojj d^j 
whence, by Lemma 12.51 



E 



fu,iuj 



dw S^j dw 



+ —IVjXj 



dxjiVj dij 



< 



E 



" 1(^,^)1 



< C E = C\\f\\ 



Recalling that u; G F if and only if ito GT we get: 

dw ^ dw 



dxj ujj d^j 



<C||/||r,p,.. 



r,p,CT 



(2.28) 



(2.29) 



Denote now Sj, tj the Fourier dual variables of {xj,^j), j = 1,2. Then, by definition (we 
drop for the sake of simplicity the dependence of uj): 



dw ^ 
dxi •' 



dw{sj,tj) 



dti 



dsdt 



Applying Lemma 12.31 to the integration over tj we get: 
dw 



dxj 



E / \sjWu,u;{sj,tj)\e'''^\'\+\^\Usdt< 



< -E 

2 



dWu,uj{Sj,tj) 



dti 



E 

i/ez2 



dxj 



-6- 
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Therefore, by i2.2m.m) 



dw 



dx.\ 



< 



2C\ujj 



r,p,a 



Analogously, applying this time Lemma 12.31 to the integration over sj : 



dw 



< 



2C 



r,p,a 



This is enough to prove the Proposition. 

3. Iterative Lemma 
Proposition 2.2 Set: 



4e| 



/o||r,p,(T 



a 



Let fi < 1/4 and consider for k = 1,2, . . . the function 

Sfc := po + e-Zfc + Vk 

with Zk,Vk € Ar,p,(T, and let Zk depend on (/i,/2) only. 
Assume moreover: 

( if = 

s=0 

lbfc||r,p,(T < e(2;u)''||/o||r,p,(7 



(2.30) 



(2.31) 



(2.32) 



Let Sk be the Weyl quantization of Then there exists a unitary map Tf^ : L^ — > L^, 
Tfc := e*^'^/'' such that the Weyl symbol of the transformed operator T^SkT^ '■= Sk+i is 
given by 12. 30\) with k + 1 in place of k and satisfies ^2.3R2.30^) with k + 1 in place of k. 

Proof As in |BGPj . Proposition 3.2, the homological equation: 

{po,w} +Vk = eVk (2.33) 

determines the symbol w of W . Here the second unknown Vk has to depend on (x, ^) 
only through Ii,l2- Applying Proposition 1 we find that w and Vk exist and fulfill the 
estimates 

\\w\\T,p,a < e||/o||r,p,a(2M)^ ||V«;||r,p,. < (2//)^+^ \\Vk\\r,p,a < ||/o||^,p,a(2^)^ 
Define now: 

Zk+i := Zk + Vk; Vk+i := e^Zi + ^vi + ^pio 



Zk-, zi:=Uw,z[r'} 



i>i 

k SM 



1>1 



l>l 
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and analogous definitions for and piQ. Clearly v^+i G •^T,p,a by Lemma lX^ below. Then 
the symbol of the transformed operator has the form (I2.30p with A; + 1 in place of k. To 
get the estimates, for A; > 1 we can write, by Proposition 1 and Lemmas 2.2. 2.3. 2.4: 

2/7 



$:i|(4)||r,p,. < e(2/.)'=E(2/^)' = T^<^(2M)'^' 



i>i i>i 



J2\\zi\\r,^ < ||4||r,,.^<2/x, Ell^''o||r,p,.<6(2/.)^+^ 

1>1 ^ ^ l>2 

whence the assertion in a straightforward way. 

Proof of Theorem 1 

By Proposition 2 there is e* > such that 

lim po + eZk := S(e) 

fc— >oo 

exists in the 

I • ||r,p,cr norm if |e| < e*. Then S{e) := Op)^(S(e)) is unitarily equivalent to H{e). Since 

k 

is a polynomial of order — 1 in e, we can write = po + ^ C'''^^' + ^fci where I2) 

1=1 

are solutions of the homological equations (j2.11|) : therefore S{e) has the form ()2.ip . Note 
that lim ||ufe||r,p,(T = entails lim ||i?fc||L2^L2 = 0- To sum up, the Weyl symbol S(e,?i) 
has the convergent (uniform with respect to h) normal form 

00 

j:{e,h)=po{I) + J2Zn{I,h)e^ 

n=l 

Then the assertions of Theorem 1 follow exactly as in [Sjj (see also [BGP] ) . This concludes 
the proof. 

4. Auxiliary results 

Lemma 2.2 Let {g, g' ,Vg,Vg') £ T^- Then: 

||{5,5'}AflU< l|V5||<x||V<7'|U. (2.34) 
-(f (5,5',V5,Vfif') G X,p,<7 then 

||{5,9'}A/L,P,a < ||V5L,p,.||V5'L,p,.. (2.35) 
and if {g, g', Vg, Vg') E ^r,p,<7- 

\\{g,g'}M\\r,p,a < ||Vg||r,p,.||V5'||r,p,a. (2.36) 
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Proof 

We repeat the argument of |BGPj . Lemma 3.1. We have |s As^| < |s| • Hence by (12.6 
and the definition of the a— norm we get: 

\\{9:9']M\\a = 11 e'^\'\ds[ \g{s)g'{s-s^)\-\sinh{h{s-s^)hs^)/2\ds^ 

n Jr21 Jjs.2i 

< - f ds I e"(l"l+l"'l)|5(sy(si)| • |sinh(fe Asi)/2|dsi 



< f e"l"l|5(s)|ds / e"l''l|g'(s^)| • |s AsVs^ = 

'^\^\\g{s)\\s\ds I e'^\'^%'{s^)\-\s^\ds^ = \\VgU\y9'\\a. 



< 

The remaining two inequahties follow from the first one by exactly the same argument of 
|BGPj . Lemma 3.4. This concludes the proof of the Lemma. 



Lemma 2.3 Let g G T^, u = [x, 



U < -\\ug\\a (2.37) 
a 



Proof 

Setting /(s) := g[s) (|2.37p is clearly equivalent to 

/ e'^\'\\f(s)\ds<- I e'^\'\\Vf{s)\ds (2.38) 

We may limit ourselves to prove this inequality in the one-dimensional case, namely to 
show that: 

/ e'^\'\\fis)\ds<- I e'^W|/'(s)|ds (2.39) 
To see this, first write, for s > 0: 

e"*/'(i)e"^'"*^ dt 

whence, for A > 0: 

POO f f poo pt 

/ \e'''f{s)\ds < // \f'{t)\e'''dsdt= \f{t)\ e'''dsdt = 

J A J JA<s<t<oo J A J A 

POO roo 

= a-' \f'me'''-e''^)dt<a-' \f'{t)\e^'dt 



Likewise, ioi s < 0, A < 0: 

e-'^V(s) = r e-'^*/'(i)e"''^'"*^ dt 
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'fis)\ds = // |/'(t)|e— dsdt= / 

J J —oo<.t<.s<.A J —oo 

J—oo J—oo 



-at 



dt 



Performing the limit yl — > in both inequahties we get (j2.39p . This concludes the proof 
of the Lemma. 



Lemma 2.4 Let g S A^.p^a, w G Ar,p,cr- 

1. Define 

1 , 

■= -{w,gr-i}M, r>l; go := g. 
r 

Then g^ G Ar,p,a o-nd the following estimate holds 

||5.||r,p,.< (4^^)'||<7l|r,p,.. (2.40) 

2. Let w solve the homological equation Ii2.11\) . Define the sequence Pro : r = 0,1, . . .: 

1 , 

Poo ■=P0; Pro ■= -{w,Pr-lo}M, r > 1. 

r 

Then pro G A^j^a o-nd fulfills the following estimate 

\\Pro\\v,p,a < (4a-i||Vu;||r,p,a)''~' ||/o||r,p,a, r > 1. (2.41) 

Proof 

Both estimates (|2.40l2.4ip are straightforward consequences of Lemmas 2.2 and 2.3: as 
far as ()2.4ip is concerned, it is indeed enough to note that {w,po} = C, — q whence 

II II I ||T^ II ^ 4||/o||r,p,(T 



Lemma 2.5 // (A3) holds there is Cs > independent of to £T such that 



\uJii^i + uj2iy2\ > Cs\Jvi + 1^2 (2-42) 

Proof 

We have to show the existence of > such that 

I 1 2 

f{ui,U2) := ^^^^ V(z.i,zv2)GZ2,(z.i,z.2)/(0,0) (2.43) 

^1 + ^2 
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Notice that / is homogeneous of degree 0, namely /(/xz^i, /Ltt'2) = f {1^1,1^2) V (1^1, 1/2) € 
Z^, {i/i, U2) ^ (0,0), y n eM., IJ. ^ 0. Hence it is enough to show that 

F{x,y):=\uix + u;2y\^>Cs, ^ {x,y) e (2.44) 

or, writing x = cos 9,y = sinO: 

■■= + l'^2p] + ^W'^i? - 1^2 P] cos 2^ + (u;i,W2)sin2^ > C 

Note that F(0) = F(27r) = \uji\^. A simple study of the function F{e) : ^ M under the 
assumption (A2) shows the existence of C5 J. as (5 j 1 such that \F{d)\ > Cs ^ e S^. 
We omit the elementary details. 



Appendix 

Consider the function / : 



f{z) := e-l^lV^z), z G C^ \z\ = ^ 



Zk\ 



Here Pn{z) is a polynomial of degree n. 

Let us verify that / belongs to Ar,p,a', namely, there are p > 0, a > such that: 

sup^ e^H||/^^^(^)||^<+oo. 

It is clearly enough to consider the case u = {x, 
Set: LU := 76*^ < 6* < 27r, (^1 < 7 < 52- Then: 



xcos(p H smcj 

CO 



A \B 
\B C 



+ l^cos^ - ujxsm(t)\^ = Ax^ + Bx^ + C^^ 

A := COS ^ + 7 sin ^; 5:= cos ^(7" —7) sin 20, C := cos ^ + 7~ sin 1 
Therefore we can write: 

deiQ = cos^ + sin^ (?!) + [(7""^ + 7^) — cos^ 0(7""^ — 7)^] sin^ 0cos^ 

= 1 + «(! - cos^6')sin^(?!)COS^<;!!) 

TrQ = 2 + Ksin20 

n ■= ^-2 + ^2_2>o 

whence, V {9, (j)) G [0, 2it] x [0, 27r] 

1 < A1A2 <! + «;, 2<Ai + A2<2 + K 



14 



where < Ai(7, 0,0) < X2{'f,0,(f)) denote the eigenvalues of (5(7,0,0) > 0. This easily 
yields the uniform estimate: 

^ < Xi{l,0,^) < Ml,e,(t>) <D, D := i[2 + /^ + ^(2 + /^)2-4]. 



Consider now the Fourier coefficients fv,uj{u) = fu,'y,e{u)' 

and compute their Fourier transform: 

1 /' r^'^ 



^-{Q{-y,9,(t>)u,u) ^-iucf) 



Jo 



(27r)2VditQ 



Since 



(s,Q-i(7,0,0)s)>A2-V> 



V {9, (j)) G [0, 27r] X [0, 27r] we get the {v, 6, (/))-independcnt estimate 



Therefore < +oo Va > 0, Vz/ G Z^. 

Let now G C. Writing: 

det Q(7, 0, 0) = 1 + ^iill^ sin2(20), yl(7, 0) := k{1 - cos^ 0) > 

we get (omitting the elementary details): 

det (3(7, 0, (j)) ^ 0, |Im 0| < ^arccosh(l + 8/k) . 



Therefore the function 

p-(Q-H7,e,</>)s,s> 



^-(Q-H'Y,0,<P)s,s) 



is analytic with respect to cf) in the strip |Im0| < — arccosh(l + 8/k) := m{K) uniformly 
with respect to ij,0,s) £ [5i,62] x [0,27r] x R^. 

In turn the analyticity entails, as is well known, that for any < r/ < m(«;) there exists 
pi > m{K) — r] independent of (7, 6, s) G [(^1, (^2] x [0, 27r] x such that 

\L,^A^)\< sup |G^,,,,(</>)|e-^iH. 

|Im</>|<»j 
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Since detQ{'y,9,(f)) ^ for |Im^| < r], there exist K-iirj) >,K2{r)) > independent of 
(7, 6) such that: 

\{Q-Hj,e,cf>)s,s)\ > K,\s\^ I . < K2{V) 

\^/detQ{J,e,(f))\ 

and therefore 

This in turn entails the existence of K^{ri) > independent of v such that, Vcr > 0: 
Hence, VO < p < pi: 

J2e^\'^\\\U,J\,<Kiv) 



u>,p,a 



i/ez 



2 



for some K{r)) > independent of a; G F. We can thus conclude that 

||/||r,p,. = sup^e''H||/^^J|^<i^ 

i.e., / G Ar,p,a- 
Remark 

We have checked that / G Ar,p,a- This entails / G J-a- By the Paley- Wiener theorem, 
/(/>,a;(^) = e^*-"^^' +^^5+'^? ) must have, V(0, w), a holomorphic continuation g^p^ijizi, Z2) 
from M = (x,^) G K X R to 2; = (2;i,2;2) = (a; + iy, C + ^ C x C. This holomorphic 
continuation is clearly 

g4>,u}{zi, Z2) of course does not coincide with 

/ o ^<l>,u!{{zi, Z2)) = exp{-[|2;iCOS(?!) + — sin(/)p + |z2COS^ - wzisinc;/!)^]} 

CO 

when (y,r?) 7^ (0,0). 
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